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Abstract

This report is a discussion of methods for computing the generalized Marcum Q function.
Included is a summary of noncentral x? and Rice random variables, some properties of Marcum’s
Q function, a discussion of inverting the Q function and details of the methods themselves. A
Bessel function series approach, Parl’s method, and Dillard’s method are all included along with
performance comparisons.
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Forward

Recently, as part of an analysis task, I found for the umpteenth time in my career that I needed
a routine to compute Marcum’s Q function and for the umpteenth time I didn’t have one. One
would think that computing probabilities for Rice and noncentral x? random variables would be
old hat by now. After all Rice and Marcum published their work (e.g. [1]) by 1950. I went off to
find a good algorithm, preferably already coded, and ended up spending considerable time digging
into the problem (and having some fun while I was at it). The result is a set of octave[2] routines
that compute the Marcum Q function.

While I did accomplish what I set out to, I have implemented only three of the bejillions of
algorithms that are published in the literature and I am not entirely happy with the results. I spent
more time on this than I really had available, but it is interesting stuff and my intent is to spend
time (carefully rationed) in the future implementing other algorithms and possibly correcting the
deficiencies in the algorithms I find.

This report is really just a “lab notebook” entry to remind myself of what I have uncovered. 1
don’t believe there is anything new in here since all I am doing is perusing the literature to find
good algorithms. I am making this report public in case it may be useful to someone else, and just
perhaps comments and corrections will prove useful to me.

This report, a related report[3] and some octave samples are available from my website http://
www . phaselockedsystems.com/publications. Comments and corrections are welcome and may
be sent to the email address on the cover page.
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1 Introduction and Summary

This report is a discussion of methods for computing the generalized Marcum Q function. Deriva-
tions of the methods and performance comparisons are included.

This paper is broken into several sections. In addition to this short introduction, there is a
section that very briefly reviews noncentral x? and Rice random variables, followed by a section
describing the Marcum Q function. Then sections detailing algorithms for computing the Q function
including

e A series of Bessel functions,
e Parl’s method[4] and
e Dillard’s method[5].

The impatient reader may just want to skip to Section 6 where some performance comparisons are
made.

2 Noncentral x?> and Rice Random Variables

Noncentral x? and Rice random variables are closely connected, and the probabilities for both may
be computed using the same algorithms. This section very briefly reviews both.

2.1 Noncentral x> Random Variables

Recall that if xj, ~ N (g, 02), for k =1...n and n a positive integer are independent and
n
y=> x; (1)
k=1
then y is a noncentral chi-squared r.v. and has mgf

My (s, 4%,0%) = (g™ (2)

where

The density of the noncentral x? random variable is

1 y (n=2)/4 ) /y,u2
A 12 2y~ (Y (0" +y)/20°1 . 4
fxz(yannu y O ) 252 <N2) € n/2—1 o2 X(O,oo](y) ( )
The mean and variance are
pigz = no” + (i, (5)
and
0>2_<2 = 2n0? + 40?2 (6)

A Q function for noncentral x? random variables is

)In/2_1 (2\/ m2w)

mn/2-1 dw (7)

Q2 (a:;n,m2) = /m(\/@)n/zﬂe_(muw

xT
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and tail probabilities may be found from the Q function

P{X*(n, 1,0%) >y} = Qgz(y/20% n, i /207).

(®)

The normalized density function (the kernel of the Q function) is plotted in Figures 1, 2, 3, and
3 for various values of the parameters . The vertical hashmark on each trace is the mean of the

distribution.

Noncentral Chi-squared Density for n=2

density function

Figure 1: Noncentral y? Density for n = 2

2.2 Rice Random Variables

If x;, are independent N (ug, 0?) with k= 1...7n and n a positive integer and

then y has a Rice distribution.
The density of y is

where

The k" moment is

k _ 0,2
Bx = (20°) (n/2)

2ot D R)/D) <n ko, u_2> |

(10)

(11)
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: Noncentral x? Density for n = 20
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Noncentral Chi-squared Density for n=50
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Figure 4: Noncentral y? Density for n = 50

The tail probabilities are found in terms of Marcum’s Q function®

_m24u? Iy o g (M)
? mn/2—1

Qﬁ($;n7m) = Qn/2(m,x) = /OO Un/2€

T

du. (13)

and
5 Y
PR(n.p,0%) >y} = Qupa (£ 2] (14
The normalized Rice density (the kernel of Marcum’s Q function) is plotted in Figures 5, 6, 7,
and 8. Again the vertical hashmarks denote the distribution mean.

3 Marcum’s Q Function

In Section 2 we presented a Q function for both the noncentral y? distribution and the Rice

distribution. As we will see, we may use either Q function to compute the tail probablities for both

distributions. In the detection literature it has become fairly common to express results in terms

of Marcum’s Q function, and in this section we explore Marcum’s ) function in some depth.
Marcum’s Q function is defined to be [1]

o0 V2102
Q(«, B) :/ ve~ % Iy(av)dv (15)
B
and the generalized Marcum Q function is
1 © . 12442
QM(a’ﬁ):W/g vie Tz Iy_i(av)dv. (16)

Obviously Q(a, ) = Q1(a, 8). We have already seen this function in Equation 13.

"Marcum’s Q function is normally defined for n even, or M = n/2 an integer. There is no harm in defining this
Q function for any integer n, but all of the computational algorithms we discuss will assume n even.
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density function
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Figure 6: Rice Density for n = 6




Noncentral Chi-Squared(Version 1.0)

density function

density function

.6

L4

Rice Density for n=20

Figure 7: Rice Density for n = 20
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The Q function for noncentral x? and Marcum’s Q function may each be expressed in terms of

the other by making simple variable substitutions. Thus
Q>22($;n7m2) = Qn/2( v 2771,2, \% 23:)

and
Qn/2(a7 /8) = Q)‘<2(/82/2; n, a2/2)'

This allows us to express tail probabilities
P{*(n, 1*,0%) > y} = Qea(y/20%;m, 11 /207) = Qo (y/ 12 /02, \Jy/0?)
and
PR, 12,0%) > 5} = Quya (2. L) = Qua(u? /2075, 26°),
Clearly Qs is a probability distribution function and the kernel

1 M m2+a2

gum(x) = e 2 Ty -1 () X(0,00)

(17)

(18)

(21)

is a probability density function. When n is even, so M is an integer, a number of simplifications

occur.

In the following discussion, we will find some of the properties of Bessel functions from Ap-
pendix A to be useful. In the remainder of this section we assume that M = n/2 is an integer.

3.1 Properties of the Marcum Q Function

In this section we derive some properties of the Marcum Q Function, summarized in Table 1 and

Table 2.

Table 1: Properties of the Marcum Q Function

Q(a, B) = [ veF To(aw)dv
Q(a,0) =1

QO.p) =%
2Q(a, B) = fe= 5 Ti(aB)
a?152

$Q(0.B) = ~Be=F To(0p)
Q(e, 8) + Q(B,a) = 1 + e~ Tp(af)

Qo B) = e~ 5322 (5) " T(ad)
2+ﬁ2

1- Q) =e 5 £, (£) L(0p)

Property 1
Q(,0) = 1.
Proof: Q is a probability distribution function.

(22)
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Table 2: Properties

of the Generalized Marcum Q Function

22
QM(aaﬁ) = # IBOO I/Me_ er IM_l(OéI/)dV
Qu(a,0) =1
_»3_2 M—1 B2k
QM(O7 /8) =€ 2 k§0 ?

2+ 2

Qui(,B) = Qur(a,B) +e 5 (2
Qur(e, B) = Qo B) + e~
2Qur(eB) = e~ (2) Ly(aB)

ZQui(e,8) = —e"F (£)" 11 (ap)
2152 k
Qule,B) =5 L2 a (§) Wleh)

o242 k
1= Quile,8) = e 37 5324 (£) Tu(aB)
Quil08) + Qui(B.0) = L+ 5 xM 7 (2) 1)

2 2

a

Property 2
2
Q(0,8) =7
Proof:
[e'e} 2
Q0.8 = [ ve Tl
B
o0 2
= / ve 2 dv
B
[32
= 6_7
Property 3
0 _a?4p?
=, 8) = fe 2 T (aB)

Proof: Using Leibniz’ rule,

0

% (Oé,ﬁ) =

2+V2

Integrating by parts with dv = ve "2

o0 9 1/2+a2
/ viem 2z Lj(av)dr =
B

o) V2102
i/ ve s Ip(av)dv
B
o V2102
/ﬁ I/% [e_ p Io(cw)] dv
o V2102
/ vem 2 [vIi(av) — alp(av)] dv
B
o V2102
/ viem o Ii(aw)dy — aQ(a, B).
B

dv and u = vl (av) we obtain

1/2+a2 00 oo 1/2+a2
—ve 2 Il(al/)‘ﬁ +a/ Ve 2 To(aw)dv
B

o242

fem 2

Li(aB) + aQ(a, B).

10

(26)

(27)
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Property 4

a2+

1o (aB).

%Q(a,ﬁ) e

Proof: Easily follows from Leibniz’ rule.

Property 5 )
Q(a, B) + Q(B,a) = 1+ e " Ip(a, ).

Proof: Differentiating and using the above properties

8 o?+52 o?+52 8 _a2+62

—[Q(a,ﬁ)—FQ(ﬁ,O&)]:ﬁe_ 2 Il(a76)_a6_ 2 10(0475):_ € 2 10(0475) .

Oa
Integrating we have
Q. B) + Q(.0) = e~ Io(a, B) + £(9)
where f is an arbitrary function of 3. But

52

Q(0,8)+Q(B,0) =14+e =
50 1(8) = 1.

Property 6

2+2 N
1-Qa,f) =53

Proof: By definition

If we set

and
dv = vip(av)dv

using Equation 117 we have

a“+p3 2 o402

2, 52 B
1-Q(a,8)=¢e 2 (g) Li(afB) + é/o vie 2 Ij(av)dv.

Thus the property is true for N = 1. Assume that

02452 N-1 n B w2402
1-Q(a,p) = e Z (g) I,(afB) + 0/3—1/0 vNem T2 Iy g (av)dv.

n=1

Integrating by parts again with

2 2

and
dv = vNIn_1(aw)dv

(g) I,(aB) + a_N/ yN e In(av)dv.
0

11

(29)

(30)

(31)

(39)

(40)

We have the result for N and the proof is complete. Note that we really need to deal with convergence
1ssues. We will blow that off here, but techniques to deal with the problem may be found in various

places including [6].
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Property 7
o242 > ﬁ

1= Qs = 3 (5) nied

n=

Proof: This follows directly from Property 6.

Property 8

Qa, B) = e+ i:jo () ntem)

Proof: Using the properties already discussed

Qa.8) = ¢ F ha,6) + (1 - QBa) = Y () Tutas)
n=0
Property 9 e
Qur(0,8) = Quor(a )+ (2] i)

Proof: Integration by parts.

Property 10

a2+

, M—1 m
Quils ) = Qs ) +e 5 3 (£) 1a(en)
m=1

Proof: Repeated application of the previous property.

Property 11

8 o242 M—1
seQuie8) = e (B)7 1u(an)

e
Proof: Differentiate

2452 M

-1 m
Qula.8) = Qag) + e X (5) 1an)
m=1

and combine terms.

Property 12

2, 52 M-1
spulas) =65 (2) Luaan)

Proof: Differentiate

a2+

y M—1 m
Quils) = Qi) +e 5 3 (£) 1(en)
m=1

and combine terms.

Property 13
Qum(a,0) = 1.

Proof: Qur is a probability distribution.

12

(41)

(42)

(45)

(46)



Noncentral Chi-Squared(Version 1.0) 13

Property 14
g2 M1 52k

Qu(0,8)=e"7 > 2Tl

k=0

Proof: This follows from the value of Q(0, ) and Property 10. Note that when o = 0 we have a x>
variable and this result is the same.

(51)

Property 15

2 9 M-1

k
Quia.8)+Quis) =1+ 3 (2] 1a) (2)

k=—(M—1)

Proof: Combine Property 5 and Property 10.
Property 16 The generalized Marcum @Q function may be written (for a« >0 and 5> 0)

2
_% (E)M J»27r o0B(cos 0-1) %005(12\/[—1)0—@5 M6 g9
o 0 (g) —2%00564—1 2

: 1
_ 11 27 _a?(cos0—1)sin(M—3)0 g _

Qui(o.f) = U e L I T

2
1_'_6_% (ﬁ)M J»27r eag(cosg_l)gcos(é\/[—l)e—cosMGﬁ
o 0 (é) —2§cos€+1 2

o

(&

a<fp

a>f

Proof: First, for a < 3, we have

_a2+,82 & (6% k
Quiad) = 5 > (§) Ld)
k=1—-M
o212 X k prom do
= Z (g) / cos kfe®P o050 —
wei-a \B/ o 2m
21621 (27 > (a)k : L
_ —_— af cos k0 —ik6
= e 2z = e = e +e —
2.Jo k:;M p ( )27T

= e

_QQ;ﬁQ 1 2r eaﬁcosﬁ <g> 1-M ei(l—M)@ N e—i(l—M)@ d_9
2 Jo B 1-— %ew 1-— %e‘ie 2
_ - (a;ﬁ)Q (g> 1-M /27r JaB(cos 0-1) cos(M — 1)0 — 3 cos M6 4p
0

p 1—2%0089—1—(%)2 27’

_ - (a—zﬁ)Q <5>M /27r pof(cos 0-1) g cos(M — 1)6 — cos Mo do
0

o (§)2—2§COSH+1 2m

Note that the sum in the third step converges if and only if o < 3.
If a > B, we have

1= Qua,f) = e i( >k1k(aﬁ)

w2152 k  rom
= Z <é> / cos k:@eaﬁcoseﬁ
o\ 0 2
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a—+ﬂ21 e cos % —1 do
— e 5/ Bez()(wew)%

_ e_a2;ﬁ21/ eaﬁcose (é)M eiM@ N e—iM@ d_e
2 Jo « 1_§ei6 1_56—19 o

a—3)2 M o _B _
_ e (é) / oaB(cos 9—1) 08 M02 ~cos(M —1)0 d_@ (55)
@ 0 (g) —2§cos€—|—1 2m
Finally, if o = 3, we have
2 M1
2Q(,a) = 14e 2 Z Ii.(a?)
k=—(M—1)
o2 27 1 M-1 . . do
_ 1_1_6—7/ ea2cos€§ 3 (ezk9+e—zk9) o
0 k=—(M~1) T
_ 1+/ o2 (cosf—1) e—i(M=1)0 _ ,—iM0 do
1— et 27
7r _1
_ 1+/ a2 (cos 0— l)Sln( — 2)9ﬁ (56)
0 sin 5 27

4 Computing the Inverse of Marcum’s () Function

There are many situations in which, given a probability and Rice distribution parameters, it is
desirable to find the threshold at which the probability occurs. In other words, given o and a
probability p, we would like to find the value of 3 that solves

p=Qu(a,B). (57)

To the best of the author’s knowledge there is no direct solution to the inverse problem, but we
are able to compute the Q function and we know the derivative of the Q function (see Section 3)
suggesting the use of a Newton-Raphson iteration.

The Newton-Raphson iteration[7] begins with an initial estimate 5y and computes an updated

estimates Qur(e By)
M\, D) — P
- ©) P 58
Br+1 = Br %QM(Q,ﬁk) (58)
where . Mt
5QM( B) = —Be~ <§> Ta1(a). (59)

Unfortunately the iteration normally diverges, but if we work with the log of the Q function,
convergence is essentially guaranteed if a reasonable initial estimate is chosen. Thus the iteration

becomes
og (Qur(a, Br)) — logp
%QM (Oé, ﬁk)

and terminates when the update is small enough. For the code supplied on the website, the
distribution mean is chosen as the initial estimate. This is a very good choice for all reasonable

Br+1 = Br — QM(Oé,ﬂk)l (60)
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choices of the parameters but does have some unfortunate issues as described in the following
paragraphs.

A discussion of some cases where the algorithm apparently fails is worthwhile. In the following,
marcumQ@ is an implementation of any of the algorithms described in the sequel and imarcumQ is the
inverse implemented using marcum@ and the Newton-Raphson iteration described above.

For the first example suppose we have M = 5, a = 5, and we compute Q5(5,0) = 1 so that
p = 1. When we compute the inverse we obtain (the following is obtained by running the octave
scripts)

octave> alpha = 5; beta=0; M=5;

octave> p = marcumQ(alpha,beta,M)
p=1

octave> betahat = imarcumQ(p, alpha, M)
betahat = 0.186411

so that the estimate of the inverse is clearly not what we started with. However if we compute

octave> phat = marcumQ(alpha,betahat,M)
phat =1

so that, to machine precision, the inverse is correct. The Q function is very flat near zero and for
large 3, so the inverse is mathematically unique but numerically ambiguous in those regions.

A similar example is attempting to compute the inverse when the Q function is extremely small.
Consider

octave> alpha = 5; beta=14; M=5;
octave> p = marcumQ(alpha,beta,M)

p = 1.07456e-17

octave> betahat = imarcumQ(p, alpha, M)
betahat = 50.31195

so again the estimate of the inverse is not what we expected. However

octave> phat = marcumQ(alpha,betahat,M)
phat = 0

which well within the available tolerance for the algorithm. As a side note, a better choice of initial
estimate would have yielded a better estimate of the inverse, but the algorithm with the Bessel
functions used in octave probably do not yield usable results down to 1077 anyway.

The examples shown demonstrate that, while the inverse algorithm is quite robust, an under-
standing of the numerical nature of the problem is essential to interpreting the results.

5 Computation of Marcum’s Q Function

In this section we present various algorithms used for the computation of probabilities for Rice and
noncentral x? random variables. In all cases we assume that the number of degrees of freedom is
an even integer, and all of the algorithms will be put in the form of the Marcum Q function.
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5.1 The Bessel Series

One method for computing the Marcum Q function is to use the series expansions developed in
Section 3.1, repeated here for convenience

Qulaf) = e 3 (—) i(af) (61)
k=1-M
and L, oo .
1= Qula ) =5 3 (£) s, (62)
k=M

Convergence is generally more rapid if we use the first form when o < 8 and the second form
otherwise, although for large M it might be be better to just use the second form regardless.

Numerically this series has the problem that I}, grows exponentially with a5, and the exponential
weighting term decays exponentially. If we make the expansion

_a?4p2 (a—p)?
2

(o) =e 2 (e7(af)) (63)
then the problem is reduced significantly. Furthermore some Bessel function software computes

e “Ix(2) (64)

and then optionally removes the exponential term.

The performance of this technique is entirely dependant on the accuracy and speed of the Bessel
function computation. The routine used in octave comes from [8] and is fairly fast, accurate, and
efficient for all arguments and orders.

5.2 Computation of the Marcum Q Function Using Parl’s Method

Parl’s method ([4]) is based on the backward-recursion method for computing modified Bessel
functions. He suggests using the series expansion

00 k
Qu (e, B) = =) Tk(ap) (65)
M . ;M<5> g
when a < § and .
1= Quias) =5 3 (£) sy (66)

k=M
when « > . Both of these functions may be written in the form (recognizing that I, = I_; for
integer values of k)

e~ ﬁ) Zer Pl(af) =e (aéﬁ)z e S F(aB) (67)
k=0
where N
(%)k, k k> M
e () @) s .
17 = Y
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for the computation of Qu; and

8 k
po= (&) k= (69)
0, k< M,
for the computation of 1 — Q. Similarly, since
e =1Ip(z) +2 ) Ii(2) (70)
k=1
we may write
e = Z Grli(z) = G(z2) (71)
k=0
with
1, k=0,
G’“_{z k>0, " (72)
It is well understood that the Bessel recursion
2k
Li1(2) = Len (2) + —Li(2) (73)

may be used to compute accurate estimates of the modified Bessel functions Ij. Let

0, k> N,
g(zN) =14 1, k=N, . (74)
ghra(z N) + 2 g (2 N), 0<k <N,

then gi(z; N) = 7Ix(z) for some scale factor v and k£ much smaller than N. The scale factor is
found by summing the g.

The backward recursion relies on picking N large enough so that errors damp out, but Parl’s
method is a clever way of updating the backward recursion in a forward way. We start with
N = 0 and update the backward recursion until the errors are acceptable. For this we need the
order-update recursion (with the proof at the end of this section)

(5 N) = 2 (5N — 1) + (5 N —2) (75)

provided k < N.
Generalizing Equations 67 and 71, define

N

P(z;N) =Y Prgi(=N) (76)
k=0

for some sequence of P, then we may build this using the backward recursion and the order-update
recursion as (proof at the end of this section)

P(z;N) = Py + 2N13(z; N —1)+ P(z;N —2) (77)

z

with P(z;—1) = 0 and P(2;0) = Py.
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Returning to the problem of computing Qps or 1 — Qas, we have

0o N
F(z) =Y FIi(2) 7> Fugr(z;N) = F(z N) (78)
k=0 k=0
and N
ve* =3 Gile(2) v Y Grge( N) = G(2; N) (79)
k=0 k=0

so the function we are attempting to compute is approximately

_a?1s? F(z; N)
G(2:N)

e (80)

We use the forward update equations for both F and G and stop when we are close enough.

Deciding when we are close enough is an issue. Both the numerator and denominator may
grow very large, and Parl suggests terminating the recursion when the numerator and denominator
exceed a bound that is determined from the arguments and desired tolerance. A simpler approach,
made at a very small expense in computational complexity is to terminate when the algorithm
asymptotes. In particular if

F(z; N)
W=z o (81)
then we terminate when
1 =n/yv-a| <A (82)

where A is the desired tolerance.

Parl’s algorithm with the above termination condition is summarized in Table 3.

A general statement about Parl’s paper. Parl’s method is delightfully clever, but it almost
seems as if the paper was written for maximum obfuscation. Complex details were dismissed with
statements like “after some manipulation”. In general the paper was written in such a way as to
be horrendously difficult to read and leaves out critical details. Those details are included above.

Table 3: Parl’s Iteration

Coefficients Initial Iteration Quit Final
a < B | Equation 68 Fi1=0 FN:FN—F%FN_l—FFN_g ey < A e_%g—’;
Fo=Fo
a > B | Equation 69 G_l =0 GN:2+%GN_1+GN_2
Go=1 = Fn/Gn 1—6_%2—”
en = [1 — /N1 |

5.2.1 Formal Theorems and Proofs for Parl’s Method

Theorem 1 oN
gr(z;N) = 7%(73;1\7 — 1)+ gr(z; N —2). (83)



Noncentral Chi-Squared(Version 1.0) 19

Proof: First we will verify the recursion for small N. For N =1 we can apply either the backward
recursion or the order-update recursion to obtain

2
gi1(z:1) = Lgo(z1) = —. (84)
Similarly for N = 2, we have
4 8
92(%2) = Loi(%2) = ~,90(2:2) =1+ (85)

by applying either the backward recursion or the order-update recursion.
For general N, we start with the backward recursion

gn(z;N)=gn-1(z;N = 1) =1, (86)
gN+1(z;N) =gn(z; N — 1) =0, (87)
2N 2N
gn-1(z; N) = 79N(Z; N)+gnt1(2;N) = 79N_1(z;N 1) +gnaa(z N —2).  (88)
Similarly
2(N — 1
gn—2(zN) = %QN—l(%N) +gn(z; N)
BECELIE
z z
_ 2N (2(N—1)) o
z z
2N
= 79]\1—2(2; N —1) +gn-a(z; N —2). (89)
Now assume that oN
gn(Z;N) = 79n(Z;N_ 1)+gn(Z;N_2) (90)
holds for n > k and compute
2(k+1
gr(z; N) = %91@—%1(23 N) + grra(2; N)
2(k +1) (2N

= (79k+1(2;N — 1)+ gpt1(z; N — 2))

2N
+ (7gk+2(z;N — 1)+ gry2(z; N — 2))

= g <2(k + 1)9k+1(z; N —1) + gpg2(zs N — 1))
+ <2(kj 1)9k+1(z; N —=2) + grta(z N — 2)>
= ggk(z;N—l)—l—gk(z;N—Q) (91)

and the proof is complete.
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Theorem 2 If

N
P(z;N) = Prg(z; N) (92)
k=0
then oN
P(z;N) = Py + 715(2; N —1)+ P(z; N —2). (93)
Proof:

N
P(z;N) = Z Pr.gr(z; N)

k=0
N-1 IN
= Pv+ Y D <—9k(z N —1) + gr(z; N—Q))
k 0
= Py+ 7P(z; N —1)+ P(z; N —2). (94)

5.3 Computation of the Noncentral y?> Q Function Using Dillard’s Algorithm

Dillard’s algorithm (more accurately Dillard’s extension of McGee’s algorithm) is simply a com-
putation of a series expansion of the Qg2 function, made more efficient by reusing computations.
Following the development in [5] we start with

) L, /2-1 (2\/ m2w)

Q2 (z;n,m?) :/ (Vw)"/2- e (m*+ pyp dw. (95)
T m
The modified Bessel functions may be expanded in a series
1 2k
Ly (3)
Le) = (57) D IO RED) (96)
Thus
2 e OO n/2=1g—w (/2. (n/2-1) & (mzw)k_d
Qg2(w;n,m?) = 7m”/2—1/ (Vw) e ( mw) nz::Ok!F(n/2+k) w.
1 o0
_ —m? n/2+k—1_—w
= e Z n/2+l<: k:'/ w e Ydw. (97)

If we assume n is an even integer and define M = n/2 then

> 2ke—m? 1 00 1w
Q22($;n,m2): > (M+/<;—1)!/x wMHE—le=w gy, (98)
If we let ok
m
by = —e —m? (99)
and

1 oo
gk = H/:v whe ™ dw (100)
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then -
Qg2 (w;n,m?) = Z brgm+r—1 (101)
n=0
and we can create a simple recursion for the sum. Trivially, since by = e‘mz,
2
m
bpi1 = by 102
k1 = Ok (102)

We use integration by parts to find the recursion for g, For k& > 0,

1 k—l—l - /oo k_—w ]
= 1
Ik+1 CES] x (k"i‘)x wre”“dw
k—l—l —x
ECESY k'/ whe”
k—i—l —x
= — . 103
G+ D) + Gk (103)
If we set
go=e€" (104)
and .
e ™
o = x (105)
then, for k£ > 0, the recursion becomes
x
Opy1 = Ok - 106
k+1 k+1 k ( )
and
Gk+1 = Ot1 + G- (107)

We also find it useful to compute

L,/2-1 (2\/ m2w)

1— Qg2(z;n,m?) = / (Vw)"/2 e (m?+w) dw. (108)
0 mn/2-1
Following the same development, we have gg = 1 — e™* and
Gk+1 = —0k + gk- (109)

with the iteration for d; the same as before. The algorithm is summarized in Tables 4 and 5.

The author’s code uses Dillard’s algorithm to compute the generalized Marcum Q function
Qur(a, B) using the transformations described in Section 3.1. Furthermore in [5] it is suggested
that Qs be computed when 3 > ER(n, u?,02) and 1 — Qs otherwise. The author’s code uses the
nearly identical expedient of computing Qus with o > 8 and 1 — Qs otherwise.
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Table 4: The g- Iteration

Initial Conditions Iteration (k > 0)
Q go=e" |do=e€"| 01 =770k | Grr1 =01+ Gk
1-Qlgo=1—-€" Gk+1 = —Ok41 + Gk

Table 5: Iteration For Computing Qas(«, 5) Function

Initial Conditions Iteration (k > 0) Termination
Perform the g-d iteration M — 1 times | Spi1 = S + brgnrak—1 ‘b’“‘gi% <A
x=[2/2 b1 = 12 b
m? = a?/2 compute dpsi k9N +k
by = €_m2
So=0

6 Comparison and Performance

In this section we present some performance results. The results presented here are all using octave.

For each of the algorithms presented here we present two sets of charts for a variety of orders and
noncentrality parameters. The first set of charts shows the number of iterations required to meet
the tolerance conditions for the algorithm in question. The second set of charts shows the actual
CPU time for the same set of parameters. Of course CPU time is dependent on the computer, so
the results are normalized to give a convenient scale on the axes.

Each plot has three vertical hashmarks per trace. The leftmost hash is the point at which the
Q function has the value 1 — 1076, The center hash is the mean of the distribution. The rightmost
hash is the point at which the Q function has the value 1075.

As the reader peruses the charts in the following section, it will become clear that there is no
clear “winner” in the performance games. However, in general the author computes probabilities in
the tails, that is for a < 5. In this case the series method is faster than the other methods and so is
the method the author has placed in his own library. Most likely the other methods provide better
accuracy, but when a large number of terms are used in the computation a significant roundoff
error is likely to accumulate. The author has not yet made a serious effort at estimating roundoff
error.

6.1 The Series Approach

The most straightforward approach to computing Marcum’s Q function is to use the series forms
as described in an earlier section.

a_p)2 X® k
Qul.8) =« F5 Y. (5) 1l (110)
k=1-M
and L oo .
1= Quia) =7 Y (2) e an) ()
k=M

Obviously the performance of this approach is entirely dependent on the Bessel function rou-
tines. The routines used by octave are those written by Amos ([8]) and found on netlib http:
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//www.netlib.org/amos. These routines are fast and reasonably accurate, especially for small
arguments. The worst-case relative accuracy is about ten significant figures, however, so better
results should not normally be expected for our situation.

Figures 9, 10, 11, and 12 show the iteration counts for parameters shown. Figures 13, 14, 15,
and 16 show the corresponding execution times.

Iterations vs. beta for M=1
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60 b
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Figure 9: Iteration Count Using Series Method for M =1
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Iterations vs.

beta for M=3
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Figure 10: Iteration Count Using Series Method for M = 3

Iterations vs. beta for M=10
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Figure 11: Iteration Count Using Series Method for M = 10
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Iterations vs. beta for M=25
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Figure 12:

Iteration Count Using Series Method for M = 25
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Figure 13:

Execution Times Using Series Method for M =1
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Normalized Time vs. beta for M=3
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Figure 14: Execution Times Using Series Method for M = 3

Normalized Time vs. beta for M=10
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Figure 15: Execution Times Using Series Method for M = 10
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Normalized Time vs. beta for M=25
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16: Execution Times Using Series Method for M = 25
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6.2 Parl’s Method

Figures 17, 18, 19, and 20 show the iteration counts for parameters shown. Figures 21, 22, 23, and
24 show the corresponding execution times.

Iterations vs. beta for M=1
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Figure 17: Iteration Count Using Parl’s Method for M =1
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beta for M=3
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Figure 18: Iteration Count Using Parl’s Method for M = 3
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Figure 19: Iteration Count Using Parl’s Method for M = 10
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Figure 20: Iteration Count Using Parl’s Method for M = 25
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Figure 21: Execution Times Using Parl’s Method for M =1
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Normalized Time vs. beta for M=3
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Figure 22: Execution Times Using Parl’s Method for M = 3

Normalized Time vs. beta for M=10
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Figure 23: Execution Times Using Parl’s Method for M = 10
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Normalized Time vs. beta for M=25
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6.3 Dillard’s Method

Figures 25, 26, 27, and 28 show the iteration counts for parameters shown. Figures 29, 30, 31, and
32 show the corresponding execution times.

Iterations vs. beta for M=1
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Figure 25: Iteration Count Using Dillard’s Method for M =1
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Iterations vs. beta for M=3
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Figure 26: Iteration Count Using Dillard’s Method for M = 3
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Figure 27: Tteration Count Using Dillard’s Method for M = 10
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Iterations vs. beta for M=25
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Figure 28: Iteration Count Using Dillard’s Method for M = 25
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Figure 29: Execution Times Using Dillard’s Method for M =1

35



Noncentral Chi-Squared(Version 1.0)

Normalized Time vs. beta for M=3
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Figure 30: Execution Times Using Dillard’s Method for M = 3
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Figure 31: Execution Times Using Dillard’s Method for M = 10
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Normalized Time vs. beta for M=25
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Figure 32: Execution Times Using Dillard’s Method for M = 25
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A Properties of Bessel Functions

Bessel functions are frequently useful when mucking about with probability functions. Here are
a few properties from [9]. We will use n to represent integer orders and v to represent arbitrary
orders. The argument z is any complex number.

1.
L,(2) =1_,(2), (112)
2.
2v
La(2) = Tosa(2) + 220,(2), (113)
3. -
1=1p(2) =2 Ian(2), (114)
n=1
4. -
e =1Ip(z) +2> In(z), (115)
n=1
D.
dk v _ kv
TF [2"I,(az)] = 2", _k(az). (116)
6.
dk —v k_—v
s [277L(2)] = o271 (az). (117)
7.
1 2
L.(2) = —/ cos nfe”s0qp. (118)
21 Jo
8' I —QZI v
lim 2402) T L(02) - (119)

a0 o’ a0 a’  2Dw+1)
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